Abstract-The relation between the parity-check matrices of quasi-cyclic (QC) low-density parity-check (LDPC) codes and the biadjacency matrices of bipartite graphs supports searching for powerful LDPC block codes. Algorithms for searching iteratively for LDPC block codes with large girth are presented and constructions based on Steiner Triple Systems and short QC block codes are introduced, leading to new QC regular LDPC block codes with girth up to 24.
I. INTRODUCTION
The connection between low-density parity-check (LDPC) codes and codes based on graphs (see, for example, [1] ) opens new perspectives in searching for powerful LDPC codes.
Typically, LDPC codes have minimum distances which are less than those for the best known linear codes, but due to their structure they are suitable for low-complexity iterative decoding, like the believe-propagation algorithm. One important parameter determining the efficiency of iterative decoding algorithms for LDPC codes is the girth, which is a parameter of the underlying Tanner graph and corresponds to the number of independent decoding iterations [2] .
In this paper we shall focus on quasi-cyclic (QC) (J, K)-regular LDPC codes, which can be encoded in linear time and are most suitable for algebraic design. Such codes are commonly constructed based on combinatorial approaches using either finite geometries [3] or Steiner Triple Systems [4] . Although QC LDPC codes are not asymptotically optimal they can outperform random or pseudorandom LDPC codes (from asymptotically optimal ensembles) for short or moderate block lengths [5] . This motivates searching for good short QC LDPC codes.
The problem of finding QC LDPC codes with large girth was considered in several papers. For example, codes with girth 14 are constructed in [6] while codes with girth up to 18 are presented in [7] . Most papers combine some algebraic techniques and computer search. Commonly these procedures start by choosing a proper base matrix or base graph (seed graph [8] or protograph [9] ). Then a system of inequalities with integer coefficients describing all cycles of a given length is constructed and suitable labels or degrees are derived.
In Section II, we introduce notations for parity-check matrices of convolutional codes and for their corresponding tailbiting block codes. Section III focuses on bipartite graphs, biadjacency matrices, and their relation with parity-check matrices of LDPC block codes. Our construction of base and voltage matrices, used when we search for LDPC block codes with large girth, is introduced in Section IV. New search algorithms are presented in Section V. In Section VI new examples of (J, K)-regular QC LDPC codes with girth between 14 and 24 based on Steiner Triple Systems and small QC regular matrices are tabulated. Section VII concludes the paper with some final remarks.
II. PARITY-CHECK MATRICES
A rate R = b/c binary convolutional code C is determined by its parity-check matrix of memory m
with parity-check polynomials h ij (D). In the sequel we consider parity-check matrices with either zero or monomial entries h ij (D) = D wij of degree w ij , where w ij are nonnegative integers. If each column and each row contain exactly J and K nonzero elements, respectively, we call C a (J, K)-regular LDPC convolutional code.
Expressing the (c − b) × c parity-check matrix H(D) in terms of its binary matrices H i , i = 0, 1, . . . , m, that is, Note that every cyclic shift of a codeword of B by c places modulo M c is again a codeword. The parity-check matrix H TB is also (J, K)-regular, that is, there are exactly J ones in every column and exactly K ones in every row. Moreover, with J and K being much smaller than M , the matrix H TB is sparse.
III. GRAPHS & BIADJACENCY MATRICES
A graph G is determined by a set of vertices V = {v i } and a set of edges E = {e i }, where each edge connects exactly two vertices. The degree of a vertex denotes the number of edges that are connected to it.
Consider the set of vertices V of a graph partitioned into t disjoint subsets V k , k = 0, 1, . . . , t−1. Such a graph is said to be t-partite, if no edge connects two vertices from the same set
A path of length L in a graph is an alternating sequence of L + 1 vertices v i , i = 1, 2, . . . , L + 1, and L edges e i , i = 1, 2, . . . , L, with e i = e i+1 . If the first and the final vertex coincide, that is, if v 1 = v L+1 , then we obtain a cycle. A cycle is called simple if all its vertices and edges are distinct, except for the first and final vertex which coincide. The length of the shortest simple cycle is the girth g of the graph.
Every full-rank parity-check matrix H of a rate R = k/n LDPC block code can be interpreted as the biadjacency matrix [10] of a bipartite graph, the so-called Tanner graph, having two disjoint subsets V 0 and V 1 containing n and n−k vertices, respectively. The n vertices in V 0 are called symbol nodes, while the n − k vertices in V 1 are called constraint nodes. Note that, if the underlying LDPC block code is (J, K)-regular, all symbol and constraint nodes have degree J and K, respectively.
Consider the Tanner graph of the biadjacency matrix H TB , corresponding to a QC (J, K)-regular LDPC code, obtained from the parity-check matrix of a tailbiting LDPC block-code. By letting the tailbiting length M tend to infinity, we obtain a convolutional parity-check matrix H(D) as given in (1) of the parent convolutional code C. In terms of Tanner graph representations, this corresponds to unwrapping the underlying graph and extending it in the time domain towards infinity. Hereinafter, we will denote the girth of this infinite Tanner graph as the free girth g free . Example 1: Consider the rate R = 1/4 convolutional code C with parity-check matrix
Tailbiting (5) to length M = 2, we obtain the tailbitten 6 × 8 parity-check matrix of a QC (3, 4)-regular LDPC block code 
In particular, every cyclic shift of a codeword by c = 4 places modulo M c = 8 is again a codeword. Interpreting (6) as a biadjacency matrix, we obtain the corresponding Tanner graph G as illustrated in Fig. 1 with 8 symbol nodes and 6 constraint nodes, having girth g = 4. In this case, the free girth coincides with the girth, that is, g free = g = 4.
IV. BASE MATRICES, VOLTAGES, & THEIR GRAPHS
A binary matrix B is called base matrix for a tailbiting LDPC block code if its parent convolutional code with paritycheck matrix H(D) has only monomial or zero entries and satisfies
which corresponds to all nonzero entries in H(D) being replaced by D 0 = 1. Note, that different LDPC block codes can have the same base matrix B.
The base graph G B follows as the bipartite graph, whose biadjacency matrix is given by the base matrix B. Denote the girth of such a base graph by g B . The terminology "base graph" originates from graph theory and is used, for example, in [11] . It differs from the terminology used in [6] , [9] , where protograph or seed graph are used.
Let Γ = {γ} be an additive group. From the base graph G B = {E B , V B } we obtain the voltage graph [12] , [13] G V = {E B , V B , Γ} by assigning a voltage value γ(e, v, v ) to the edge e connecting the vertices v and v , satisfying the property γ(e, v, v ) = −γ(e, v , v). Note that, although the graph is not directed, the voltage of the edge depends on the direction in which the edge is passed. Finally, define the voltage of the path as the sum of the voltages of its edges.
Let G = {E, V} be a lifted graph obtained from a voltage graph, where E ⊂ E B × Γ and V = V B × Γ. Two vertices (v, γ) and (v , γ ) are connected in the lifted graph by an edge if and only if v and v are connected in the voltage graph G V with the voltage value of the corresponding edge given by γ(e, v, v ) = γ − γ . It is easy to see that cycles in the lifted graph correspond to cycles in the voltage graph with zero voltage. Note that a voltage assignment corresponds directly to selecting the degrees of the parity-check monomials in H(D).
We describe LDPC convolutional codes using integer edge voltages, that is, an infinite additive voltage group, whereas QC LDPC are described using a voltage group of modulo M residues. The edge voltage from the constraint node c i to the symbol node s j is denoted by µ ij while the corresponding edge voltage for the opposite passing direction from symbol node s j to constraint node c i is denoted byμ ji , that is,
where w ij is the degree of the parity-check monomial h ij (D). Thus, using voltage graphs allows a compact description of LDPC codes and finding their (free) girth g V (g free ) is reduced to finding their shortest cycle with voltage zero.
The bipartite graph whose biadjacency matrix is given by the base matrix B of the rate R = 1/4 (3, 4)-regular LDPC convolutional code C is illustrated in Fig. 2 . As the edges are labeled according to (8) , Fig. 2 corresponds to a voltage graph with girth g V = 4 (for example,
The edge from, for example, constraint node c 2 to symbol node s 3 is labeled according to
As the free girth of the infinite Tanner graph is equal to the girth of the voltage graph, we can conclude that g free = g V = 4. If we neglect all edge labels, we would obtain the corresponding base graph.
V. NEW SEARCH ALGORITHMS When searching for QC (J, K)-regular LDPC block codes with large girth, we start from a base graph and determine a suitable voltage assignment based on nonnegative integers, such that the girth of this voltage graph is greater than or equal to a given girth g. Next we replace all edge labels by their modulo M residuals, where we try to minimize M while preserving the girth g. Using the duality between the edge voltages and the degree of the monomial entries in H(D), we obtain the corresponding parity-check matrix of a convolutional code whose bipartite graph has girth g = g free . Tailbiting to lengths M , leads to the rate R = M b/M c QC LDPC block code whose parity-check matrix is equal to the biadjacency matrix of a bipartite graph with girth g.
The algorithm for determining a suitable voltage assignment for a base graph consists of the following two main steps: In general, when searching for all cycles of length g, roughly (J −1) g different paths have to be considered. However, using a similar approach as in [14] we can reduce the complexity to roughly (J − 1) g/2 by using a tree representation.
A. Creating a tree structure
Consider the bipartite base graph of a (c−b)×c base matrix and denote the set of c symbol nodes s i , i = 1, 2, . . . , c, by V 0 and the set of c − b constraint nodes c i , i = 1, 2, . . . , c − b, by V 1 . A node in the tree will be referred to as ξ and has a unique parent node ξ p . Every node ξ is characterized by its depth (ξ) and its number n(ξ), where n(ξ) = i follows directly from ξ = s i or ξ = c i depending on whether its depth (ξ) is even or odd.
Next we grow c separate subtrees with the root node ξ = ξ i,root of the ith subtree being initialized with ξ ∈ V 0 and depth (ξ) = 0. We extend every node ξ ∈ V i at depth (ξ) = n with i = n mod 2 by connecting it with the nodes ξ ∈ V i+1 mod 2 at depth n + 1 according to the underlying base graph, except ξ p which is already connected to ξ at depth n − 1. Finally we label the edges according to (8) and obtain the voltage for node ξ in the ith subtree as the sum of the edge voltages of the path ξ i,root → ξ.
All c subtrees contain all paths of a given length of the voltage graph. As the girth g is always even, we conclude that in order to check all possible cycles of length at most g − 2 in the voltage graph, it is sufficient to grow the corresponding c subtrees up to depth (g − 2)/2 and to construct voltage inequalities for all node pairs (ξ, ξ ) in the same subtree with the same number n(ξ) = n(ξ ) and depth (ξ) = (ξ ) but different parent nodes ξ p = ξ p . Consider the node pair (ξ, ξ ) and let f ξi,root,ξ,ξ denote the difference between the voltages for the path from ξ i,root to ξ and the path from ξ i,root to ξ , that is, f ξi,root,ξ,ξ = (ξ i,root → ξ)−(ξ i,root → ξ ). If there exists a cycle of length g < g, then at depth g /2 there exists at least one node pair (ξ, ξ ), whose corresponding path voltages are equal, that is, their voltage difference is f ξi,root,ξ,ξ = 0. Otherwise there is no cycle shorter than g. Example 2: Consider the rate R = 1/4 (3, 4)-regular LDPC convolutional code given by (5) . The voltage graph, with four symbol nodes s i ∈ V 0 , i = 1, 2, 3, 4, and three constraint nodes c i ∈ V 1 , i = 1, 2, 3, is illustrated in Fig. 2 . By neglecting all labels, we obtain the corresponding base graph.
Starting from such a base graph, we will find suitable edge voltages for µ ij , i = 1, 2, 3, j = 1, 2, 3, 4, such that the resulting voltage graph has at least girth g = 6. As a first step we grow 4 subtrees up to length (g − 2)/2 = 2, with their root nodes being initialized by s i , i = 1, 2, 3, 4. For example, the subtree with root node s 1 is illustrated in Fig. 3 .
While there are no identical nodes at depth (ξ) = 1, we find 3 × 3 2 = 9 pairs of identical nodes with different parents at depth (ξ) = 2. In all four subtrees, there are in total 36 identical node pairs, but only 18 unique ones.
B. Searching for a suitable voltage assignment
Using the c obtained subtrees T i , i = 1, 2, . . . , c, with depth g/2 − 1, we will present hereinafter two different algorithms to determine a suitable voltage assignment, such that all corresponding inequalities are satisfied.
For both algorithms, we create a reduced list L of node pairs (ξ, ξ ) of all c subtrees T i , i = 1, 2, . . . , c, containing all unique voltage inequalities. Note that even different cycles can correspond to the same voltage inequality. In a similar manner we remove those nodes from each of the c subtrees T i which do not participate in any cycle listed in L and denote the reduced subtree by T i,min .
In Algorithm A, we label the edges of the reduced subtrees T i,min , i = 1, 2, . . . , c, with a set of predetermined voltages. For every node pair (ξ, ξ ) in L, we determine the voltage of the corresponding cycle as the difference of the path voltages ξ i,root → ξ and ξ i,root → ξ . If none of these voltages is equal to zero, the girth of the underlying base graph with such a voltage assignment is greater than or equal to g.
In Algorithm B, we discard the list L and focus on the reduced subtrees T i,min . After labeling their edges with a set of predetermined voltages, we sort all nodes ξ of each subtree according to their path voltage ξ i,root → ξ. If there exists no pair of nodes (ξ, ξ ) with the same path voltage, number n(ξ) = n(ξ ), and depth (ξ) = (ξ ), but different parent nodes ξ p = ξ p , the girth of the underlying base graph with such a voltage assignment is greater than or equal to g.
C. Complexity Comparison
Denote the sum of all nodes in the reduced tree T i,min , i = 1, 2, . . . , c, and the number of unique inequalities in the list L by N T and N L , respectively, that is,
where |X | denotes the number of entries in the set X .
Algorithm A requires N T summations for computing the path voltages and N L comparisons for finding cycles, leading to the complexity estimate N T + N L . Algorithm B requires the same number of N T summations for computing the path (13) (371100, 148440) [7] voltages, roughly N T log 2 N T operations for sorting the set, and N T comparisons, leading to a total complexity estimate of N T log 2 N T .
In Table I values of N T and N L are given when searching for a voltage assignment of a rate R = 1−J/K (J, K)-regular QC LDPC convolutional code with an all-ones base matrices, J = 3 and arbitrary K ≥ 4. Since in general we have to consider all node pairs, N L is roughly N 2 T , and thus Algorithm B performs asymptotically better (when N T → ∞). However, when searching for codes with girth g ≤ 10, Algorithm A is preferable.
VI. SEARCH RESULTS
Utilizing the previously described algorithms, we performed a search for new QC (J = 3, K)-regular LDPC block codes with girth g ≥ 14. Following [15] , such codes can be constructed as lifts of base matrices with monomial labelings, having an approximately three times larger girth.
A. Base Matrices constructed from Steiner Triple Systems
We started by searching for QC (J = 3, K)-regular LDPC block codes with girth g = 14, 16, and 18 and used (shortened) base matrices constructed from Steiner Triple Systems of order n, that is, STS(n) [4] , [9] , where n mod 6 has to be equal to 1 or 3.
The corresponding (J, K)-regular (c − b) × c base matrix B with entries b ij is constructed in such a way that the positions of its nonzero entries in each column correspond to a triple within STS(c − b). We denote such a base matrix by B STS(c−b) . Note that the columns and rows of the base matrix B can be freely permuted. Using the properties of a Steiner Triple System that no triple contains two identical numbers, we obtain a shortened (c − b − 1) × (c − K) (J, K − 1)-regular base matrix B by removing one row and the corresponding K columns from the base matrix B. Hereinafter we refer to such a shortened base matrix as B S-STS(c−b) . Note that by deleting different columns and rows, it is also possible to obtain intermediate codes, which are, however, irregular. Applying the previously described algorithms to such a base matrix B, we obtain a suitable voltage assignment, such that the corresponding voltage graph has at least girth g. Note that adding the same offset to all edge voltages connected to the same vertex, does not influence the voltage of any cycles.
In Table II the obtained QC (J = 3, K)-regular LDPC block codes with girth g = 14, 16, and 18 based on Steiner Triple Systems are presented. If applicable, previous results from [7] are given for comparison. In the first column K we give the number of nonzero elements in each row. The second column corresponds to the girth g, while the third and forth columns give the dimensions of the (n, k) block code after tailbiting to length M . Finally, the fifth column specifies the used base matrix, that is, which (maybe shortened) Steiner Triple System is used. The corresponding voltage assignments are very large and omitted due to space limitations, but are available at [16] .
B. Base Matrices constructed from (J, K)-regular LDPC block codes
When searching for QC (J = 3, K)-regular LDPC block codes with girth g = 20 − 24, we started with previously obtained QC (J = 3, K)-regular LDPC block codes of short block length and smaller girth and (re-)applied our algorithms.
The obtained results for QC (J = 3, K)-regular LDPC block codes with girth g = 20, 22, and 24 are presented in Table III , based on (J = 3, K)-regular LDPC block codes constructed from all-ones matrices with girth g = 8 [7] , [17] . As before, the first column K denotes the number of nonzero elements in each row; then we give the obtained girth g and the dimensions of the (n, k) block code after tailbiting to length M . The corresponding voltage assignments are very large and omitted, but are available at [16] .
Note that these codes are (probably) not practical due to their huge block length. However, they illustrate that by iteratively applying our algorithms we can find QC (J, K)-regular LDPC block codes of "any" girth g.
VII. CONCLUSIONS
Using the relation between the parity-check matrix of QC LDPC block codes and the biadjacency matrix of bipartite graphs, new searching techniques have been presented. Starting from a base graph, a set of edge voltages is used to construct the corresponding voltage graph with a given girth.
New algorithms for searching iteratively for bipartite graphs with large girth have been presented. Depending on the given girth, the search algorithms are either based on Steiner Triple Systems or QC block codes. Amongst others, new QC regular LDPC block codes with girth between 14 and 24 have been presented. In particular, these codes improve previous the published results in [7] .
